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Abstract
We study the welfare ranking of an emission tax and emissions trading when firms
self-report their emissions to the regulator and may be noncompliant. We allow for
the subjective probabilities of auditing, and using conventional assumptions find
that an emissions tax produces a higher level of welfare than emissions trading
under noncompliance. The main driver of the result is that the compliance pattern
of the firms affects the marginal compliance cost (price of emissions) in the case
of permits, thus affecting the level of emissions and welfare. The result also holds
when enforcement and sanctioning costs are taken into account and differs from the
result found by Montero (2002, Journal of Public Economics). We also show that
the ranking may be reversed if these costs are taken into account and the regulator
must audit at least one firm. We also analyze the welfare ranking when the expected
penalties depend on relative violations.
Keywords: Emissions trading, emission taxes, compliance, monitoring, enforcement costs,
sanctioning costs. JEL codes: H23, Q50, Q58.
1 Introduction
We study the effects of noncompliance on the welfare obtained with an emission tax or
with emissions trading. In particular, we analyze the welfare difference between these
instruments under noncompliance and take into account the enforcement and sanctioning
costs that affect the welfare in addition to the total emissions. Contrary to the existing
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literature, we find that the level of welfare is higher with an emission tax than with
emissions trading with one exception: if the regulator must monitor at least one firm, the
welfare ordering may be reversed. To our knowledge, only Montero (2002) has studied
the welfare difference between these instruments under noncompliance.1 This is surprising
since this comparison is perhaps the most basic comparison of instruments that can be
studied.2
In the models presented in this paper and in the literature on noncompliance, one of
the key modeling choices is related to the expected penalties, or in particular to choices
about auditing probabilities and penalty functions. The literature can be roughly di-
vided into two parts, depending on the assumptions made about the auditing probability
function that the firms employ in optimization. While in the first set the probability of
auditing is assumed to be an objective probability,3 the second set of literature postulates
a subjective probability.4 An objective probability refers to a situation in which the au-
diting probability that the firms use is known by the regulator. A subjective probability
refers to a case where the firm forms expectations on the risk that it will be selected for a
closer inspection, perhaps based on its choices, such as a violation. When the probability
is subjective, the regulator does not know the probability of auditing that the firm uses
in its optimization.5
1Montero’s model is used in Rohling and Ohndorf (2012) to analyze the effect of fiscal cushioning
in the choice between emissions trading and emission tax. They found evidence in favor of emissions
trading.
2The existing literature on noncompliance and on the comparison of different instruments has mainly
focused on enforcement costs (Malik 1992), emission levels (Keeler 1991) and on the incentives to adopt
new abatement technology (Arguedas et al. 2010, Villegas-Palacio and Coria 2010).
3This assumption is used, for example, in Malik (1992), Stranlund and Dhanda (1999), Montero
(2002), Macho–Stadler and Pérez–Castillo (2006), Stranlund (2007), Stranlund, Chávez, Villena (2009)
and Stranlund and Moffitt (2014).
4For example, Malik (1990), van Egteren and Weber (1996), Malik (2002), Hatcher (2005) and Hatcher
(2012).
5For example, a firm may think that its choice of violation affects the chance for the firm to belong to
the set of audited firms. This is something like speeding on the motorway; the probability of the police
stopping you is essentially subjective and may depend on how much over the limit you are speeding.
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This modeling choice is important in general, since for example, it is known from
the literature (see, for example, Stranlund and Dhanda (1999)) that using (objective)
probabilities leads to a simple condition characterizing the compliance decision: a firm
is compliant if and only if the marginal expected penalty at zero violations is greater
than or equal to the permit price (or the level of tax). This knowledge can be exploited
by the regulator to induce full compliance. To clarify, with full information about the
costs and damages of emissions, this possibility allows the first-best choice of emissions
with an emission tax or with emissions trading. But when subjective probabilities are
assumed, the regulator cannot design enforcement such that compliance by every firm can
be guaranteed simply because the regulator cannot know how large the marginal expected
penalty at the zero violation level is. Since the subjective probability may coincide with
the objective probability (which may simply be the number of audited firms divided by
the total number of firms), the objective probability is a special case of the subjective
probability. As Sandmo (2002) writes, ”the properties of the probability functions reflect
the beliefs of the firms with respect to the nature of public environmental policies and
these beliefs are essentially subjective.”6 For these reasons we focus on firm behavior
assuming subjective probabilities, but the results obtained in the study may be extended
to encompass the objective probability of auditing (if the expected penalties are such that
some of the firms are noncompliant).
Another relevant distinction related to the expected penalty function is between ab-
solute and relative violations. Do the expected penalties depend on the level of absolute
violations, namely on the difference between actual and reported emissions? Or do penal-
ties depend on relative violations, namely on the ratio between absolute violations and
reported emissions? This choice is not restricted only to subjective probabilities, where a
firm may see that the auditing probability depends on either of the two types of violations,
6From page 91.
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but may also be relevant for the objective probability case.7
In this paper we first analyze the welfare difference with absolute violations assuming
that the instruments are chosen by a regulator presuming full compliance.8 We find
that taxes produce a higher welfare level than permits. This result is essentially due to
the asymmetrical effect that noncompliance has on the price of compliance, depending
on which instrument is chosen. With a tax the price is independent of the compliance
pattern among the firms, but with permits the price depends on the number of compliant
firms, thus affecting the actual total emissions and the welfare level.
We then allow the regulator to choose the instruments and the number of audited
firms optimally without assuming full compliance. In this case we also supplement the
welfare criterion with enforcement and sanctioning costs.9 We show that these modifica-
tions leave the welfare ranking intact: taxes yield a higher level of welfare than permits
under noncompliance. The result for permits show a trade-off between the actual total
emissions and the number of audited firms which is not present with emission tax. When
the emission tax is used, the first-best tax level is enough to yield the first-best emission
level, thus allowing the regulator to save on the auditing expenses by auditing fewer firms
than with emissions trading. Montero (2002) finds that under certainty about cost and
benefit curves, the instruments yield the same level of welfare. The difference between his
finding and those of this paper stems from different modeling choices: Montero assumes
that the auditing probability is objective and constant in violations, but we assume that
the probability is subjective and nondecreasing in violations. Our assumptions are more
7As Hatcher (2012) explains, expected penalties may depend on the relative violations, since penalties
in addition to probabilities may depend on the relative violations.
8Throughout we assume that the firms must self-report their emissions to the regulator. For example,
in the EU-ETS, self-reporting is carried out during accredited inspections and compliance checks by the
competent authority.
9We assume throughout the paper, that the regulator can commit to the monitoring scheme and that
the firms regard the scheme credible. See Franckx (2002) for an analysis of the case where the regulator
cannot commit to the auditing probability it sets.
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general. Furthermore, we find that if the regulator’s problem is constrained by the re-
quirement to audit at least one firm, it may actually reverse the welfare ranking between
the instruments. For the reversion to occur, it is necessary that the unit sanctioning cost
is high enough.
We finally extend the analysis and allow the expected penalties to depend on the
relative violations.10 The independence of actual emissions from the compliance choice,
when a tax is used as the instrument, is a feature of absolute violations, and it does not
hold when we allow relative violations. Therefore, we analyze the welfare difference in this
case as well. We find that the previous welfare result holds when the regulator chooses the
instruments assuming full compliance and when the enforcement and sanctioning costs
are left out of the welfare criterion.
We continue the paper with a general set-up regarding the basic assumptions and
notation. Then we analyze absolute violations and the welfare difference. In section 3 we
study the relative violations. The last section concludes.
2 A welfare analysis under noncompliance: Absolute
violations
The basic notation used is as follows. We analyze a sector with n risk neutral firms
indexed by i, i = 1, . . . , n. The benefit (or the profit) from emissions ei, pii(ei), has the
properties pi′i(ei) > 0 and pi
′′
i (ei) < 0. In this set-up emissions can be reduced through
abatement investments or through output reductions and both have a similar effect on the
objective function. When emissions trading is used as the instrument, the profit function
of firm i is
Πpi (ei, eˆi) = pii(ei)− p(eˆi − e
0
i )− Si(vi), (1)
10Most of the research has assumed absolute violations. To our knowledge, only Hatcher (2005; 2012)
and Rousseau and Proost (2005; 2009) have analyzed relative violations.
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where eˆi are the reported emissions, e
0
i is the initial allocation of permits, and p is the
price of the permits. The profit function includes the expected penalty function Si,
which depends on the level of absolute violations vi := ei − eˆi ≥ 0.
11 The expected
penalty function is the product of the auditing probability σi(vi), and the penalty mi(vi).
We assume that the auditing probability function is subjective and satisfies properties
σ′(vi) ≥ 0, σ
′′(vi) ≥ 0 and σ(0) > 0.
12 The penalty function satisfies propertiesm′i(vi) > 0,
m′′i (vi) > 0 and mi(0) = 0. Note that the marginal penalty is strictly increasing, which
means that we have excluded the possibility of constant marginal penalties.13 With these
assumptions the expected penalty function Si is strictly increasing, strictly convex and
zero when vi = 0. Throughout the study we denote the compliant emissions level with e
h
i
and the noncompliant emissions level with edi .
The same assumptions about auditing probabilities and penalties are also used when
an emission tax is the policy instrument. In this case the profit function for firm i is
Πti(ei, eˆi) = pii(ei)− teˆi − Si(vi), (2)
where t is the emission tax.
2.1 The welfare analysis without enforcement and sanctioning
costs
We start by analyzing emissions trading. Since partial equilibrium is assumed, we use the
following definition for market equilibrium:
11Relative violations are discussed in section 3.
12These assumptions are similar to the ones made in van Egteren and Weber (1996) and Malik (2002).
Sandmo (2002) thinks that it is more realistic to allow the auditing probability to depend on the level of
violation. Also, among many others, Harford (1978) and Rousseau and Proost (2005; 2009) assume that
the auditing probability is increasing in violations.
13Sandmo (2002) sees m′i(vi) > 0 and m
′′
i (vi) > 0 as ”natural” assumptions. If we allowed m
′′
i (vi) ≥ 0,
we should also analyze corner solutions. However, we are only interested in interior solutions.
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Definition 1. Permit market equilibrium is a vector (eˆ1, eˆ2, . . . , eˆn, p, E
0) such that the
following two conditions are satisfied simultaneously:
1. The reported emissions eˆi, i = 1, . . . , n, are such that
(ei, eˆi) = argmax{pi(ei)− Si(vi)− p(eˆi − e
0
i ) such that vi ≥ 0}.
2. The permit market clears, that is
∑n
i=1 eˆi = E
0 for some p.
Here the total initial allocation of permits, E0 =
∑n
i=1 e
0
i , is given, and the amount is
set by the regulator. We start by analyzing the firm’s incentives to comply and the choice
of optimal emissions and reported emissions. After that, we study the aggregate demand
for permits. The necessary and sufficient conditions for the firm’s problem are
pi′i(ei)− S
′
i(vi) + λi = 0 (3)
S ′i(vi)− p− λi = 0 (4)
λi ≥ 0, vi ≥ 0, viλi = 0. (5)
It is well known that the necessary and sufficient condition for compliance is S ′i(0) ≥ p.
Therefore, we have two cases which define the permit demand of firm i:
Case 1: If firm i is compliant, that is, if S ′i(0) ≥ p, the actual emissions satisfy equation
pi′i(ei) = p, and ei = eˆi. The demand for permits is therefore eˆi = pi
′−1
i (p), where pi
′−1 is
the inverse of pi′i.
Case 2: If firm i is noncompliant, that is, if S ′i(0) < p, the actual emissions are given
by equation pi′i(ei) = p, and ei > eˆi. In this case the actual emissions are ei = pi
′−1
i (p), and
the violation is vi = S
′−1
i (p). Therefore, the emission report or the demand for permits
is eˆi = pi
′−1
i (p) − S
′−1
i (p). Thus, eˆi = F
−1
i (p) (or Fi(eˆi) = p), where we have defined
F−1i := pi
′−1
i − S
′−1
i . Note that F
′−1
i < 0, since pi
′
i < 0 and S
′
i > 0.
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From cases 1 and 2 we see that the firm’s actual and reported emissions are strictly
decreasing in the permit price. Figure 1 illustrates the permit demand and violation of a
single firm.
S ′i(0)
ei, eˆi
p
vi > 0 vi = 0
Figure 1: Permit demand and permit violation of a single firm i. When the permit price
is higher than S ′(0), the firm is noncompliant, and the permit demand is given by the
dashed curve. If the price is lower than S ′(0), the permit demand is given by the solid
curve. The actual emissions are given by the solid curve.
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We now know the permit demand of every firm which is crucial for part 1 of Definition
1. The key role was played by the numbers S ′i(0). Following the second part of the
definition, we add up the firms’ permit demands found in part 1, and find the equilibrium
permit price using the market clearing condition. In this part also, the numbers S ′i(0)
play the key role. From now on we assume that S ′i(0) 6= S
′
j(0), j 6= i, or that the firms’
understanding of the marginal expected penalty at zero violations differ.14 Therefore,
possibly after the renumeration of the firms, we have
0 < S ′1(0) < S
′
2(0) < . . . < S
′
n(0). (6)
The aggregate demand is
∑n
i=1 eˆi =: Eˆ. Figure 2 describes the outcome for n = 2.
14Perhaps because firm’s subjective auditing probability depends on parameters, that are characteristic
to that firm such as its stakeholders or its geographical distance to the regulator.
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S ′1(0)
S ′2(0)
E, Eˆ
p
A B C
Figure 2: The aggregate demand for n = 2. On interval C the demand is given by the
solid curve, but on intervals A and B it is given by the dashed curve. If the total initial
allocation is set on interval C, every firm complies. If it is set on B, firm 1 is noncompliant,
and if it is set on A, both of the firms are noncompliant. The actual total emission level
is always given by the solid curve.
Given (6), the total initial allocation of permits defines the number of compliant firms
at equilibrium. Since the regulator is unaware of (6), it is possible that some of the firms
are noncompliant. If the numbers in (6), or the smallest of them, can take any possible
(small but positive) values, the regulation is only second-best regulation. Even if the
regulator draws up an estimate of (6) and of the functions Si and adjusts the total initial
allocation accordingly, it is still possible that E0 is set in a way that some of the firms
are noncompliant.
We next characterize the price signal the firms receive; in particular, it is essential
to study the equilibrium permit price and its relation to the number of compliant firms.
This is an important ingredient of the results related to the welfare difference between
the instruments. From Figure 2 it is relatively clear that the equilibrium permit price is
increasing in the number of firms complying, as known since Malik (1990), who finds that
the equilibrium permit price can be larger or smaller (and with the assumptions used here
10
is indeed smaller) in a market with noncompliant firms than in a market with otherwise
identical compliant firms.
Lemma 1. Let pn−k be the equilibrium permit price with k noncompliant firms. Then
pn−k > pn−(k+1) for all k = 0, . . . , n − 1, that is, the equilibrium permit price is strictly
increasing in the number of compliant firms.
Proof. See Appendix A.1.
This result is very intuitive. As the number k decreases, that is, as more firms com-
ply, the permit price increases, since fewer noncompliant emission reports mean a higher
demand for permits. Malik (2002) and Arguedas et al. (2010) essentially derive the same
result as in Lemma 1, although in different contexts. Furthermore, our result contains a
slight further insight: we find a monotonic relationship between the equilibrium permit
price and the number of firms complying, therefore sharpening the previous results.
The fact that the equilibrium permit price is increasing in the number of compli-
ant firms implies that the actual emission level of an individual firm is greater under
noncompliance than under compliance.15 Although emission reductions are made in a
cost-efficient fashion, this implies that total emissions are larger in an equilibrium where
there are noncompliant firms than in one without them.
Next we analyze the emission tax. The problem of the firm is to
max
{ei,eˆi}
Πti = max
{ei,eˆi}
{pii(ei)− teˆi − Si(vi)}, (7)
15This follows from the concavity of the benefit function: Assume that firm i is compliant when there
are n−k compliant firms and noncompliant when there are n− (k+1) compliant firms. The other firms’
behavior between compliance and noncompliance is fixed. Then
pi′i(e
h
i ) = pn−k > pn−(k+1) = pi
′
i(e
d
i ),
where the last equation follows after summing equations (3) and (4). The (strict) concavity of the benefit
function pi implies then that ehi < e
d
i .
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subject to vi ≥ 0. The necessary and sufficient conditions for a solution are
pi′i(ei)− S
′
i(vi) + λ = 0 (8)
−t+ S ′i(vi)− λ = 0 (9)
λ ≥ 0, vi ≥ 0, λvi = 0. (10)
By adding equations (8) and (9), we obtain pi′i(ei) = t, which implies the first important
difference between an emission tax and emissions trading: under an emission tax every
firm chooses the same level of actual emissions whether or not it is compliant. This well
known observation is important for the welfare comparison (as is Lemma 1), and therefore
we write the result as a lemma.16
Lemma 2. Under an emission tax the actual emissions are independent of the compliance
status of the firms.
As Sandmo (2002) notes related to emission taxes, the changes in the probability of
auditing and penalties affect only the reported emissions, not the actual emissions. What
he does not discuss is that with emissions trading these changes may affect the actual
emissions through changes in the equilibrium permit price. For example, let a be the
number of firms the regulator audits, and assume that the expected penalty function is
affected by this number. Then changes in a may affect the number of noncompliant firms
(through condition S ′i(0; a) ≥ p) and the equilibrium permit price, as explained in Lemma
1. The change in the price affects the level of actual emissions.
Next we consider the main point of this section, namely the welfare difference between
an emission tax and emissions trading under noncompliance. To this end we must define
the regulator’s objective function or the social welfare function. This function is the
difference between the firms’ profit from emissions and the social damage function D
16The result in the lemma has also been observed, for example, in Sandmo (2002).
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(with D′ > 0 and D′′ > 0),17
n∑
i=1
pii(ei)−D(E). (11)
First we assume that the regulator chooses the tax level or the total initial allocation of
permits under the assumption that every firm is compliant.18 We drop this assumption
later, when we modify the welfare function by subtracting enforcement and sanctioning
costs from it. The first-best choice of emission tax is at the level that satisfies equation
t = D′(E), where E is the level of emissions that maximizes (11) and defines the initial
allocation of permits. Then
pi′i(ei) = D
′(E) for all i. (12)
The main result of this section is
Proposition 1. The welfare under the emission tax is higher than or equal to the welfare
under emissions trading, when the tax rate and the initial allocation of permits are chosen
according to their first-best levels and when the regulator assumes full-compliance.
Proof. By Lemma 1 the equilibrium permit price is increasing in the number of compliant
firms. This, together with how the tax is set, gives
t = pn > pn−1 > . . . > p0, (13)
where pn−k is the equilibrium permit price with k = 0, . . . , n noncompliant firms. Thus,
whatever the level of compliance is, the tax is always greater than or equal to the equi-
librium permit price. If even one noncompliant firm exists, the tax is greater than the
equilibrium permit price.
17The strict convexity of D is not actually needed for the main results.
18This assumption is sometimes used in the literature (van Egteren and Weber (1996); Malik (2002)).
It is possible, for example, that the regulator believes that the firms see the probability of auditing
objectively and that the enforcement is set such that S′i(0) ≥ p holds for every firm.
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1o Assume that all firms comply or equivalently k = 0. Then the welfare is the same
for both instruments.
2o Assume next that there are n−k, k = 1, . . . , n, compliant firms. Denote the actual
emissions when there are n−k compliant firms with ei(p) for some price p. The regulator’s
objective (11) depends on the actual emissions ei, which themselves depend on the price
p (which can, of course, also be tax t). Therefore, define function Z : R+ → R with
19
Z(p) =
n∑
i=1
pii(ei(p))−D
(
n∑
i=1
ei(p)
)
. (14)
Since Z is continuously differentiable, and t > pn−k, there exists by the mean-value
theorem a price pm ∈ ]pn−k, t[ such that equation
Z(t)− Z(pn−k)
t− pn−k
= Z ′(pm) (15)
holds. If we show that Z ′(pm) > 0, we know by equation (15) that Z(t) > Z(pn−k).
We evaluate the sign of Z ′(pm) using the following properties. From the fact that actual
emissions are decreasing in price, we have
pm < t ⇒ ei(t) < ei(p
m) for all i.
Using this and Lemma 2, we have
ehi (t) = ei(t) < ei(p
m) for all i. (16)
From the assumptions about functions pii and D, it then follows that
pi′i(ei(p
m)) < pi′i(ei(t)) = pi
′
i(e
h
i (t)) for all i, (17)
and
D′
(
n∑
i=1
ei(p
m)
)
> D′
(
n∑
i=1
ei(t)
)
= D′
(
n∑
i=1
ehi (t)
)
. (18)
19Note that the argument of function D is not the total initial allocation, but the total actual emissions
at price p.
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Using these, we can evaluate Z ′(pm) as follows.
Z ′(pm) =
n∑
i=1
pi′i(ei(p
m))
∂ei(p
m)
∂p
−D′
(
n∑
i=1
ei(p
m)
)
n∑
i=1
∂ei(p
m)
∂p
>
n∑
i=1
pi′i(e
h
i (t))
∂ei(p
m)
∂p
−D′
(
n∑
i=1
ehi (t)
)
n∑
i=1
∂ei(p
m)
∂p
= D′
(
n∑
i=1
ehi (t)
)
n∑
i=1
∂ei(p
m)
∂p
−D′
(
n∑
i=1
ehi (t)
)
n∑
i=1
∂ei(p
m)
∂p
(19)
= 0,
where equality (19) follows from (12), that is, from pi′i(e
h
i (t)) = D
′
(
n∑
i=1
ehi (t)
)
for all i.
Then using equation (15), we have Z(t) > Z(pn−k), that is, a tax yields higher social
welfare than emissions trading.
Proposition 1 can be interpreted as follows (see Figure 3). In the case of an emission
tax, the marginal cost of compliance is fixed and independent of the number of compliant
firms. However, in the case of emissions trading, the permit price depends on the compli-
ance level of the firms. This is the main difference between the instruments in this context.
If the regulator is able to set the emission tax at the right level, the actual emissions of
the firms are at the same level as the socially optimal emission levels, and the marginal
benefits from emissions are equalized. For emissions trading, the actual emissions differ
from the socially optimal levels since the compliance level of the firms affects the permit
price, which is lower under noncompliance than under compliance. Then it is clear that
the social welfare differs between the two instruments. This proposition has a policy im-
plication in favor of taxes over permits when some of the firms are noncompliant. Note
that this proposition also holds when the probability of auditing is constant in the firms’
violations. An immediate corollary for the result is that the welfare difference in favor of
taxes is increasing in the number of noncompliant firms, although the size of the welfare
difference is nevertheless unknown.
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E, Eˆ
p, t
t
pn−k
D′
E(t) E(pn−k)
Figure 3: The shaded area describes the welfare difference between the instruments.
Are there ways to overcome the welfare loss caused by noncompliance in the emissions
trading scheme? Intuitively, if the regulator knows that some firms are noncompliant
given the applied enforcement scheme, the regulator might be tempted to adjust the
initial allocation of permits in a way that the realized permit price equals the tax. If
successful, this would result in the same actual emissions level and social welfare for
both instruments.20 The problem with this argument is that the optimal adjustment of
the initial allocation downwards requires that the regulator knows the marginal expected
penalty functions.
The result should also be compared to Montero (2002), in which the author finds that
both emission tax and permits result in equal social welfare. The sharp difference between
the results stems from different assumptions about what the regulator knows about the
probability of auditing. Furthermore, in Montero’s paper the auditing probability is
objective, which in part allows the adjustment for the initial allocation of permits to
induce the same equilibrium permit price as the optimal emission tax. In the model
20A similar argument is also given in the analysis made by Arguedas et al. (2010) in the case of
investing in abatement technology.
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developed in this study this kind of adjustment is not possible because the demand for
permits when some of the firms are noncompliant is unknown to the regulator due to
subjective beliefs regarding monitoring (although the range of possible emission levels is
known to the regulator).
2.2 Welfare analysis in the presence of enforcement and sanc-
tioning costs
The welfare function used above includes only benefits and damages from emissions.
However, enforcement is costly, as is sanctioning of the guilty firms. These costs should
be included in the welfare function. It can be argued that more firms would be sanctioned
with an emission tax than with emissions trading: from Lemma 1 we know that when
some of the firms are noncompliant t > pn−k, which together with the necessary and
sufficient condition for noncompliance (S ′i(0) < t in the case of taxes) implies that there
may be more noncompliant firms with a tax than with emissions trading. This means
that the sanctioning costs can be greater with a tax, if a higher number of noncompliant
firms means a higher number of guilty firms (with a given auditing level). Also, the
regulator was assumed to choose the instruments with a predetermined enforcement level
as if the firms are compliant. These issues raise the question of whether or not the result
in Proposition 1 holds if we drop these assumptions. To answer this question, we postulate
that the enforcement costs are a function of the number of audited firms and that the
sanctioning costs are a function of the number of noncompliant firms identified through
audits.
First, we introduce some additional notation. Let aj, j = p, t, where p means emissions
trading and t means an emission tax, denote the number of firms audited with instrument
j. Enforcement costs are a function of the number of audited firms, E(aj), with the
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property
E(aj + 1)− E(aj) > 0, for all aj ∈ {0, . . . , n− 1}. (20)
That is, enforcement costs are increasing in the number of audited firms.21
Next we define the sanctioning costs following closely Polinsky and Shavell (1992).22
The sanctioning costs are defined to be a function of the number of noncompliant firms
that are found guilty of excess emissions during audits. Only a fraction of the audited
firms are noncompliant and therefore influence the sanctioning costs. The size of the
fraction depends on the incentives of the firms to be noncompliant (recall again that the
incentives to be compliant are given by the inequality S ′i(0) ≥ p).
To operationalize this, we assume that the regulator has an estimate of the expected
penalty functions Si. In particular, we assume that the regulator knows that these func-
tions depend on the absolute violations vi and that they are increasing and strictly convex
in violations. Also, we let S ′i(0) depend on the number of firms audited such that a higher
level of auditing means a higher marginal expected penalties at zero violations. We use
the notation S ′i(0; a
j).
Let the cost of sanctioning one firm be a constant s. Then the total sanctioning cost
of every noncompliant firm is
sIj, (21)
where Ij, the number of noncompliant firms, is the sum of the indicator function values
(a noncompliant firm is given a 1 and a compliant firm is given a 0) over all the firms.
21We could let the enforcement costs depend continuously and smoothly on the level of auditing,
namely, we could let the enforcement costs be a function E(aj) with E′(aj) > 0, where aj ∈ [0, 1) is the
proportion of firms audited. The discrete choice is more intuitive, though.
22Stranlund (2007) has analyzed enforcement and sanctioning costs in an emissions trading model but
uses an objective auditing probability. Also, Stranlund and Moffitt (2014) include these costs in their
analysis on hybrid policies and noncompliance, but they too use an objective auditing probability.
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That is, Ij =
∑n
i=1 f(i),
f(i) =

1, if vi > 0, (equivalently if S
′
i(0; a
j) < j)
0, if vi = 0, (equivalently if S
′
i(0; a
j) ≥ j).
(22)
Note that Ij depends on aj: as the number of audited firms decreases, the number of
noncompliant firms (weakly) increases. Since only aj firms of n firms are audited, the
expected sanctioning costs are then
S(aj) =
aj
n
sIj. (23)
The expected sanctioning costs are increasing in the number of firms identified as non-
compliant. The expected sanctioning cost function in (23) is similar to the one in Polinsky
and Shavell (1992): the auditing probability (actually used by the regulator) times the
constant cost times the number of noncompliant firms. With this notation the regulator’s
objective function (or the welfare function) reads
W =
n∑
i=1
pii(ei)−D(E)− S(a)− E(a). (24)
The problem for the regulator is to choose t (or E0) and at (or ap) to maximize (24)
subject to the optimal behavior of the firms.23 These settings are used to show that the
result in Proposition 1 continues to hold:
Proposition 2. The welfare under an emission tax is higher than or equal to the welfare
under emissions trading even when sanctioning costs and enforcement costs are included
in the welfare criterion and the regulator is allowed to choose the instruments and the
number of audited firms optimally.
Proof. Denote V (E) =
∑n
i=1 pii(ei) − D(E), and consider the tax first. The optimal
emission choice of any firm i is given by the equation pi′i(ei) = t. If the tax is set such
23The penalty function is given. Of course, at least the unit penalty can also be chosen by the regulator
(as well as many other factors). We abstract away from these possibilities.
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that t = D′(E), the emission level is at its first-best level. This choice for the tax level
and at = 0 maximize W .
With emissions trading, the actual total emissions do not maximize V (E) when first-
best regulation level is used (and if ap = 0 and if at least one firm is noncompliant).
Therefore, in order to decrease E (which is too high when some of the firms are noncom-
pliant), the regulator has two mutually nonexclusive choices: audit more firms or adjust
the total initial allocation of permits downwards.
1. Inspecting more firms means that ap > at = 0, and S(ap) + E(ap) > S(0) + E(0),
implying that the welfare is greater with a tax than with permits.
2. The second possibility for the regulator is to let ap = 0 and decrease E0, but since
the true functions Si and the numbers (6) are unknown to the regulator, this can yield at
best the same welfare as a tax (the same welfare can be achieved only with the correct
estimation of the aggregate permit demand function).
3. The third possibility, the adjustment of both numbers, yields a lower level of welfare
than an emission tax since ap > 0.
One implication of this result is that the sanctioning and enforcement costs play a
small role in the comparison of an emission tax and emissions trading. The result hinges
essentially on the fact that the regulator does not need information on Si to set the tax
optimally to the first-best level. It is therefore interesting to analyze other possibilities
for modeling the expected penalties, which is done in the next section.
Note finally that if the choice in (24) is constrained by aj ≥ 1, Proposition 2 may
change. When aj ≥ 1, the optimal choice with an emission tax is t = D′(E) and at = 1,
which gives the welfare V (E(t))− S(1)− E(1). For emissions trading, it may be the case
that the estimate of the functions Si is so good that V (E(p)) is close enough to V (E(t))
with ap = 1 to reverse the welfare ranking. This happens if 1
n
s(I t − Ip) is greater than
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V (E(t))− V (E(p)). A necessary condition for this reversion is
s > V (E(t))− V (E(p)), (25)
or that the unit cost of sanctioning is greater than the ”direct” welfare gain from using an
emission tax instead of emissions trading. Therefore, for a ”small” unit cost of sanctioning,
this reversion is impossible. However, with no sanctioning costs, taxes yield a higher level
of welfare even with the constraint aj ≥ 1.
3 A welfare analysis under noncompliance: Relative
violations
We assume next, as in Hatcher (2005; 2012), that the expected penalty function depends
on the relative violations, ei−eˆi
eˆi
. This could be due to the fact that the subjective proba-
bility of auditing depends on the relative violations. The firm’s objective function is
Πpi (ei, eˆi) = pii(ei)− p(eˆi − e
0
i )− Si
(
ei − eˆi
eˆi
)
. (26)
The necessary conditions for the firm’s maximization problem are
pi′i(ei)− S
′
i
(
ei − eˆi
eˆi
)
1
eˆi
+ λi = 0 (27)
S ′i
(
ei − eˆi
eˆi
)
ei
eˆ2i
− p− λi = 0 (28)
λi ≥ 0, vi ≥ 0, viλi = 0. (29)
From these conditions we find a necessary and sufficient condition for compliance, which
is interesting as such since it differs from the condition with absolute violations.
Lemma 3. Firm i is compliant if and only if S ′i(0)
1
ei
≥ p.
Proof. See Appendix A.2.
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The emission level has an influence on the compliance decision of the firm: the greater
the amount of the firm’s emissions, the less likely it is that the firm complies (for a given
permit price). For the sake of argument assume that the firm size is equivalent with its
emissions level and that S ′i(0) = S
′
j(0) for all i and j. Then it follows that larger firms
are more likely to be noncompliant, which may be interpreted as an additional reason to
audit larger firms.
We want to show that the equilibrium permit price is increasing in the number of com-
pliant firms also when the marginal expected penalties depend on the relative violations.
For this we need to show that the reported emissions of a noncompliant firm are strictly
decreasing in the permit price.
Lemma 4. Suppose that the expected penalties depend on the relative violations.
(i) The optimal reported emissions of a noncompliant firm are strictly decreasing in the
permit price.
(ii) The equilibrium permit price is strictly increasing in the number of compliant firms.
Proof. See Appendix A.3.
If the regulator uses an emission tax as the instrument, the necessary conditions for
the optimum are similar to conditions (27)–(29) above. With relative violations the result
in Lemma 2 changes to
Lemma 5. Suppose that the expected penalties depend on relative violations and that an
emission tax is used. Then the actual emissions are smaller when the firm is compliant
than when it is noncompliant.
Proof. See Appendix A.4.
The result in Proposition 1 stays intact with relative violations, as we demonstrate
next.
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Proposition 3. Suppose that the expected penalties depend on relative violations. Then
the welfare under an emission tax is higher than or equal to the welfare under emissions
trading, when the tax rate and the initial allocation of permits are chosen according to
their first-best levels and when the regulator assumes full-compliance.
Proof. We modify the proof of Proposition 1 to the present context. Only 2o must be re-
analyzed. Lemma 5 alters equations (16)–(18), which in the present context are replaced
by equations
ehi (t) ≤ ei(t) ≤ ei(p
m) for all i, (30)
pi′i(ei(p
m)) ≤ pi′i(ei(t)) ≤ pi
′
i(e
h
i (t)) for all i, (31)
D′
(
n∑
i=1
ei(p
m)
)
≥ D′
(
n∑
i=1
ei(t)
)
> D′
(
n∑
i=1
ehi (t)
)
. (32)
Note, that the first inequality can be an equality for some of the firms, namely for those
that are compliant. It is a strict inequality for noncompliant firms. Since pi′i(e
d
i ) < t and
t = pi′i(e
h
i ) for all i we have that
pi′i(ei) ≤ t for all i. (33)
Using these, we can evaluate Z ′(pm) as follows.
Z ′(pm) =
n∑
i=1
pi′i(ei(p
m))
∂ei(p
m)
∂p
−D′
(
n∑
i=1
ei(p
m)
)
n∑
i=1
∂ei(p
m)
∂p
(34)
≥
n∑
i=1
pi′i(ei(t))
∂ei(p
m)
∂p
−D′
(
n∑
i=1
ei(t)
)
n∑
i=1
∂ei(p
m)
∂p
(35)
>
n∑
i=1
t
∂ei(p
m)
∂p
−D′
(
n∑
i=1
ehi (t)
)
n∑
i=1
∂ei(p
m)
∂p
(36)
= 0, (37)
where equality (37) follows from from t = D′
(
n∑
i=1
ehi (t)
)
. The proof is completed by
similar arguments as in the proof of Proposition 1.
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Therefore, the most important result for absolute violations carries over to the case of
relative violations: under noncompliance an emission tax yields a higher level of welfare
than emissions trading, if the regulator has set the level of instruments to their first-best
levels. This result is, of course, conditional on the choice of the welfare function and on the
way the regulator chooses the instruments. Generalizing the result in the same directions
as with absolute violations seems to be a difficult thing to do.24 The main reason for this
is that the actual emissions under a tax depend on whether or not the firm is compliant.
One implication of the analysis is nevertheless that with absolute violations, the sanc-
tioning and enforcement costs play a very small role in the welfare comparison between
the instruments; with a tax these costs can be minimized by the regulator without affect-
ing the first-best choice of actual total emissions. But with relative violations this is not
possible even with a tax. However, in the monitoring and enforcement literature absolute
violations have been the more common modeling choice.
4 Conclusions
We have studied the welfare difference between an emission tax and emissions trading
under noncompliance, and found that in the case of absolute violations taxes yield a
higher welfare than permits irrespective of the inclusion of enforcement and sanctioning
costs in the welfare criterion. The results indicate that at least for the case of absolute
violations the nice welfare equivalence of the two instruments does not hold when some of
the firms are noncompliant. Both instruments are efficient in the sense that the marginal
abatement cost equals the marginal cost of compliance, but with permits, the marginal
cost of compliance depends on the compliance pattern of the firms, thus affecting the
actual emission level and therefore the welfare level.
The subjective probability of auditing can be seen as a sufficient condition for this
24Numerical analysis may be useful in this case.
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result, but it is by no means necessary. Indeed, this result can be obtained even with
objective auditing probabilities if some of the firms are noncompliant. This could be due
to the simple fact that it is not always the case that noncompliant firms must pay the
penalty that the regulator has set, as has happened in some programs (see Heyes 1998).
As the (subjective) auditing functions used in the model are, of course, not of the most
general type that one may wish to use, a more general model would be of interest to
analyze. In addition, we have not analyzed the size of the welfare difference and whether
or not it is large enough to matter in practice.
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Appendices
A.1
Proof of Lemma 1.
Fix k = 0, . . . , n− 1 and define a function F : R+ → R with
F (p) =
k∑
i=1
eˆi(p) +
n∑
i=k+1
ehi (p)− E
0. (A.38)
The function F is strictly decreasing in p since emissions reports and actual emissions are
strictly decreasing in p. Since pn−k is the equilibrium price with k noncompliant firms,
we have F (pn−k) = 0.
We evaluate the difference F (pn−k)− F (pn−(k+1)) as follows.
F (pn−k)− F (pn−(k+1)) =
k∑
i=1
eˆi(pn−k) +
n∑
i=k+1
ehi (pn−k)− E
0
−
k∑
i=1
eˆi(pn−(k+1))−
n∑
i=k+1
ehi (pn−(k+1)) + E
0
= −
k∑
i=1
eˆi(pn−(k+1))−
n∑
i=k+1
ehi (pn−(k+1)) + E
0
< −
k+1∑
i=1
eˆi(pn−(k+1))−
n∑
i=k+2
ehi (pn−(k+1)) + E
0 = 0, (A.39)
where the inequality follows from the definition of noncompliant behavior, that is, from
the inequality eˆi(p) < e
h
i (p) for any p and for any noncompliant firm, and the last equality
follows from the market clearing condition for k + 1 noncompliant firms.
Now we show that pn−k > pn−(k+1) by contradiction. Assume that pn−k ≤ pn−(k+1)
holds. If pn−k = pn−(k+1), then F (pn−k) = F (pn−(k+1)), contradicting (A.39), and if
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pn−k < pn−(k+1), then F (pn−k) > F (pn−(k+1)), since F is strictly decreasing, which again
contradicts (A.39). To conclude, the assumption pn−k ≤ pn−(k+1) leads to a contradiction
implying that the inequality pn−k > pn−(k+1) holds.
A.2
Proof of Lemma 3.
If vi = 0, we have from equation (28) that S
′
i(0)
1
ei
= p + λ ≥ p. We give a proof for the
other direction by showing that vi > 0 implies that S
′
i(0)
1
ei
< p. When vi > 0, we have
λi = 0. Therefore equality
S ′i
(
ei − eˆi
eˆi
)
ei
eˆ2i
= p (A.40)
holds. Using the strict convexity of Si and the inequality ei > eˆi, we obtain
p = S ′i
(
ei − eˆi
eˆi
)
ei
eˆ2i
> S ′i
(
ei − eˆi
eˆi
)
1
ei
> S ′i(0)
1
ei
. (A.41)
A.3
Proof of Lemma 4.
Part (i). (We assume differentiability where ever necessary.) We first use Theorem 5
(Topkis’s Theorem) in Milgrom and Shannon (1994) to show that the actual and re-
ported emissions are nonincreasing in the permit price. The objective function Πpi is
supermodular in (ei, eˆi) and satisfies increasing differences in (ei, eˆi;−p), since
∂2Πpi
∂ei∂eˆi
= S ′′i
(
ei − eˆi
eˆi
)
ei
eˆ3i
+ S ′i
(
ei − eˆi
eˆi
)
1
eˆ2i
> 0, (A.42)
∂2Πpi
∂ei∂(−p)
= 0, and
∂2Πpi
∂eˆi∂(−p)
= 1 > 0. (A.43)
Therefore, argmax(ei,eˆi)∈X Π
p
i (ei, eˆi;−p), where X is the feasible set {(ei, eˆi) ∈ R
2 | ei >
0, eˆi > 0, ei − eˆi ≥ 0}, is nondecreasing in −p or equivalently nonincreasing in p. In
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particular,
∂ei(p)
∂(−p)
≥ 0. (A.44)
Now we show that the reported emissions of a noncompliant firm are strictly decreasing
in the permit price. We do this by applying the aggregation method described in Milgrom
and Shannon (1994) together with Strict Monotonicity Theorem 1 (SMT1) in Edlin and
Shannon (1998). Define
Ki(eˆi;−p) := max
ei>eˆi
Πpi (ei, eˆi;−p), (A.45)
where eˆi ∈ R++. The functionKi has increasing marginal returns (that is,
∂Ki
∂eˆi
is increasing
in −p), since
∂2Ki
∂eˆi∂(−p)
=
∂2Πpi
∂eˆi∂ei
∂ei
∂(−p)
+ 1 > 0 (A.46)
by (A.44). Let −p′ > −p∗ (the other case is derived similarly) and define
eˆ∗i = argmax
eˆi∈R++
Ki(eˆi;−p
∗) and (A.47)
eˆ′i = argmax
eˆi∈R++
Ki(eˆi;−p
′). (A.48)
From the beginning of the proof we know that eˆ′i ≥ eˆ
∗
i , which can be strengthened to
eˆ′i > eˆ
∗
i by (A.46) and by SMT1. In other words we have that p
′ < p∗ implies eˆ′i > eˆ
∗
i , as
desired.
Part (ii). We can use the same reasoning as in the proof of Lemma 1, since the reported
emissions (and the actual) are strictly decreasing in the permit price.
A.4
Proof of Lemma 5.
A noncompliant firm chooses its emissions and reported emissions such that
pi′i(e
d
i )− t+ S
′
i
(
ei − eˆi
eˆi
)[
edi
eˆ2i
−
1
eˆi
]
= 0. (A.49)
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The term in the brackets is positive, since edi > eˆi. When the firm is compliant, equation
pi′i(e
h
i ) = t holds. Since pi
′′
i < 0, we have e
d
i > e
h
i .
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